Introduction
The structural implications of sutural complexity in ammonites have long been a subject of scientific interest. Buckland (1836) argued that the complex septal sutures of ammonites served to support the flattened flanks of ammonite phragmocone against hydrostatic pressure.This idea was also advocated by Pfaff (1911) , Spath (1919) , and Westermann (1956) . However, conclusive evidence of the pressure difference across the shell wall of cephalopods was not available to these authors (for a historical review of functional analyses of shelled cephalopods see Jacobs 1990 ). Finally, Gilpin-Brown (1961, 1966) and Denton et al. (1967) unequivocally demonstrated that modern shelled cephalopods contain gas at or below atmospheric pressure while submerged. Consequently, modern shelled cephalopods and, by analogy, fossil shelled cephalopods support the entire hydrostatic load of the overlying water column ? 1990 The Paleontological Society. All rights reserved.
in the structure of the shell itself. This understanding of the hydrostatic load borne on the shell led to the application of membrane stress formulae for hollow thin-walled spheres and cylinders to the concave portions of nautiloid septa and the tubular siphuncle (e.g., Westermann 1973 Westermann , 1977 Westermann , 1982 . In these thin-walled structures, hydrostatic load produces a purely tensional or compressional stress, termed a "membrane stress." Membrane stresses are proportional to the radius of curvature and the pressure difference across the concave nautiloid septum and tubular siphuncle; they are inversely proportional to the septal or siphuncular thickness.
The distribution and magnitude of the stresses in the ammonite phragmocone are less easily assessed than the stresses in concave septa or tubular siphuncles. There are two reasons for this. First, ammonite phragmocones do not conform to simple shells of revolution for which equations of membrane 0094-8373/90/ 1603-0006/$1.00 stress are readily derived. The radius of curvature around the whorl in the ammonite phragmocone is not constant; consequently, one would expect differential stress generation in different regions of the phragmocone (Westermann 1971) . Secondly, the phragmocone is supported at intervals by the septa. This support results in a flexural or bending problem as the shell wall, bearing hydrostatic load, passes over and between the supports provided by the septal suture. Hewitt and Westermann (1986) attempted to model the bending stresses in spaces between sutural support in the relatively flat flanks of a Calliphylloceras shell by analogy to a flat plate. However, even the flanks of oxyconic ammonites have some curvature; they are rarely, if ever, exactly flat. Due to their curvature, portions of the phragmocone bridging between sutural elements form a series of vaults rather than flat plates. In a traverse around the non-circular whorl section of a compressed ammonite morph, the radius of curvature necessarily changes (Fig. 1) . In addition, spacing of sutural support of the shell wall is not uniform. The complexity of the suture and coiling geometry results in variation in the size of spans of shell wall between sutural elements in the sutural pattern. This variation in sutural spacing appears to relate to the local curvature of the shell around the whorl. The larger radius of curvature, "flatter," portions of the whorl have more closely spaced sutural support than the more tightly curved (smaller radius of curvature) portions of the shell (Buckland 1836; Spath 1919; Westermann 1956 Westermann , 1971 Westermann , 1975 . Due to the complex interdigitation of adjacent ammonoid sutures, septal support surrounds the vault spaces in the sutural pattern. A greater proportion of the load on a doubly curved vault surface will be transferred in the direction of the smaller radius of curvature. The smaller radius of curvature necessarily occurs around the whorl rather than around the coil of a planispiral shell. Consequently, vaults in the phragmocone will bear more of the load around the whorl rather than around the coil, and it is this circumferential direction around the whorl that is of interest.
In this work, the relationship between shell . In a series of uniformly loaded vaults which meet at supports, SA and SB, the outward thrusts of vault AB, TA and TB must be met by thrusts of similar magnitude, TA' and TB', generated by adjacent vaults if vault AB is to remain in compression. If TA' and TB' are not as large as TA and TB then the vault ends will displace outward and tensile stress will develop on the interior of the vault at C. ments in the vault. Unless this outward thrusting is met by an opposing reaction force, bending moments in the vault will result in a large tensile stress component on the interior of the vault (Fig. 2) . Ammonite shells are composed largely of nacre, a brittle material; nacre from Nautilus is reported to be two to three times stronger in compression than tension (Currey and Taylor 1974; Currey 1976 ). In addition, cracks or imperfections in the material will limit tensile strength to a greater extent than it will limit compressive strength (Hewitt and Westermann 1986). As a consequence of these properties of nacre, tensile stress due to bending must be limited to a small fraction of compressive stress in an optimally designed cephalopod shell. One strategy for reducing the tensile component of bending in a beam or vault is to superimpose a compressive axial stress on the whole structure. In concrete beams this is done by application of a stress prior to loading in what is termed "prestressing." In vaults, a compressive stress is superimposed on a bending stress with the same result; tensile bending stresses are avoided in a brittle material weak in tension, but strong in compression. The superimposed compressive stress is supplied by the outward thrusting of the vault itself. To generate a compressive stress effective in opposing tension due to bending, the outward thrusting of the vault must be met by an equal and opposite force. The problem can also be expressed in terms of strain or displacement in the vault; if outward displacement of the vault ends is prevented by equivalent reaction forces, then no dilation of the material on the interior of the vault can occur. If there is no dilation then there must be no tensional stress.
RADIUS OF CURVATURE
In a Roman aqueduct each vault has an adjacent vault available to supply an opposing force maintaining the series of vaults in compression. Similarly, around the whorl of the ammonite phragmocone there are adjacent spaces in the sutural pattern. These spaces should function as vault structures in the phragmocone providing reactive forces to the vault ends in a manner similar to adjacent vaults in an aqueduct (Fig. 2) .
Hydrostatic pressure uniformly loads the vaults comprising the ammonite phragmocone. These vaults vary in radius of curvature and in span length. Theoretically, thickness of the shell wall (vault thickness) could also vary. Variation in vault thickness would have consequences for the stresses resulting from the reaction forces and bending moments in the vault. However, variation in shell thickness around the ammonite whorl is not large (Westermann 1971) . In this study, no systematic variation around the whorl of Baculites was observed. A series of measurements at various points around the whorl of two Baculites specimens reveals that the minor variation in thickness observed was not associated with a particular region of the shell (Table  1) .
In contrast to the minimal variation in shell thickness and hydrostatic loading, there is considerable variation in span size and radius of curvature in the series of vaults comprising the ammonite phragmocone. If this system of vaults is to perform optimally when loaded, span size and radius of curvature must covary in a manner that produces equivalent reaction forces at the vault ends. Equivalence of reaction forces would limit the tensional stresses due to bending so that the brittle nacreous material could be used to advantage.
Testing the Interactive Vault Hypothesis. -The vaults comprising the ammonite phragmocone are complex in shape, and accurate calculations of reaction forces cannot be readily obtained by conventional engineering procedures. Consequently, an expected general relationship characteristic of vaults is used to test the interactive vault hypothesis. Engineering equations can be used to calculate thrusts at the ends of vaults of uniform width that lack lateral support (Roark and Young 1975) ; no such equations exist for vaults of the complex shape defined by the spaces between the sutural elements of the ammonite phragmocone. Perhaps more importantly, engineering equations assume precise end conditions; vaults are either pinned, that is, free to rotate in the vertical direction, or fixed, where no end rotation is possible. Because the septum is thin and curved where it meets the shell, sutural support of the phragmocone is likely to be strongly elastic or spring-like (Hewitt and Westermann 1986 ). In addition, the vaults end in regions of more closely spaced sutural elements. The combination of proximity of sutural support at the vault ends, and the elasticity of the septa allows septal support of the shell to be diffused over a region of the shell wall. These regions of sutural support occur between, and determine the end conditions of, the vault spans (Fig.  3) . The diffuse support between vaults is necessary to limit bending stresses over the support. A single point of support would concentrate stress and result in bending in the shell wall as it passed over the localized support, resulting in tension on the exterior of the shell. Such bending is observed over the simple strut-like septal support of the flank of Nautilus (Hewitt and Westermann 1987b) . Diffuse support limits bending and the production of tensile stress in the nacreous shell wall. Although structurally advantageous, the The horizontal thrust T at the vault ends is a function of the bending moment M, which is in turn a function of the load w and the moment arm 1 (Fig. 4) . The bending moment at the vault end will be given by the formula 
Methods
Measurements. -An uncoiled ammonite, Baculites, was chosen because the straight shell provides a variety of curvatures around the whorl without the complexity associated with curvature normal to the whorl section that results from coiling. Three criteria were used to select specimens for measurement. Only specimens lacking lateral ornamentation in the form of ribs or bullae were used, since such ornament would complicate measurement and analysis. Only specimens that showed no obvious asymmetry or deformation were selected. Lastly, only specimens with at least three chambers exposed were used. This allowed measurement of the sutural pattern at a sufficient number of locations for a statistical test. For each of the exposed chambers, measurements of radius of curvature and span length were made for the three regions of uniform curvature (venter, flank, and dorsal) in ten specimens of Baculites.
Measurements made by molding the specimen with modeling clay and cutting away strips of the clay. The strips of clay were then placed on paper and the curvature of the mold drafted on the paper. The radius of this curvature was then determined using a compass. This procedure was repeated for the three distinct curvatures of the shell, the ventral, flank, and dorsal curvature for every chamber measured in the ten specimens (Fig. 1) . To obtain estimates of the vault span lengths between sutural elements supporting the shell, the sutural pattern was drafted on mylar; a compass was then used to find the largest circle which would just fit within the spaces in the sutural pattern (Fig. 3) . These circles provide an approximation of the spacing of sutural support in the circumferential or hoop direction around the Baculites. Although longer transects that do not touch sutures may be found in the circumferential direction, these transects pass through regions where the shell is closely supported by adjacent sutures. This use of the largest inscribed circle provides an arbitrary but consistent means of estimating the size of vaults in the circumferential direction given the complex and variable interdigitations of the suture pattern encountered in a transect around the shell. The length of the radius of each of these circles was recorded for the ventral, flank, and dorsal curvatures characteristic of the shell. These measurements were made for each chamber where the sutural line was adequately exposed on the ten specimens. The radius of the largest circle inscribed in the sutural pattern consistently provides a rough measure of the effective halfspan length in the circumferential direction. The largest vaults in a region of constant shell curvature are the vaults of interest since they will provide the largest outward thrusts which must be met by thrust of vaults in adjacent regions of the shell. These vaults are separated by one or several closely spaced septal elements. These regions where one or a number of septal elements meet the shell in the septal suture support the ends of, and provide the end conditions for, adjacent vaults (Fig. 3) .
The Statistical Test. -The general expectation of an inverse relationship between vault span size between sutures, 12, and the radius of curvature, R, of the shell was tested using regression analyses. Because an exponential rather than a linear function was expected, a natural logarithm transformation of both variables was employed. The exponential relationship in question was then tested by the slope and significance of the regression line produced by the two log-transformed variables. A slope of -1 would indicate a simple inverse relationship. Least squares regressions were performed and subsequently converted to reduced major axis regressions through division of the regression slope by the correlation coefficient, as suggested by LaBarbera (1986). The reduced major axis form of regression was preferred here because neither variable was "independent." Regressions were performed for each of the ten specimens measured (Table 2) .
Results
The regressions produced highly significant negative slopes for all ten specimens, confirming the inverse relationship between vault size and radius of curvature. The reduced major axis slopes ranged from -0.865 to -1.270, with an average slope of -0.996, trivially different from -1. All regression slopes were significant at the P < 0.0005 level, confirming an excellent fit of the regression lines to the data. These results indicate that in a series of vaults determined by the suture pattern of Baculites, vault area and radius of curvature covary in an inverse manner. The conformity to a slope of negative one suggests that a simple inverse or hollow curve type of relationship exists between the two variables. This simple inverse relationship indicates that the series of spans between sutural elements that comprise the ammonite shell, despite the complexities of their shape and end conditions, interact in the predicted manner, functioning as a series of vaults.
The inverse covariation between halfspan length squared and radius of curvature results in relative equality of the reaction force of the vaults around the phragmocone. This would minimize the tensile forces resulting from the bending inherent to vault action. This minimization of tensile stress is advantageous, and would be expected, in a shell composed of brittle material such as nacre.
Discussion
Application of the Model to Other Shell Morphologies. -The work presented here was performed on Baculites because it is straight and lacks a secondary curvature associated with coiling. However, theoretical considerations and a number of observations of the spacing of septal elements on coiled shells suggest that the vault model applies to coiled ammonites as well.
A straight phragmocone can be analogized to a thin-walled cylindrical surface in the sense that the circumferential stress around the whorl will be the primary stress; on a cylindrical surface the stress is borne preferentially in the circumferential rather than the longitudinal direction. This is not the case in a thin-walled sphere, where all directions of curvature are comparable and the stress generated in all directions is half that borne in the circumferential direction of a cylinder of equal radius of curvature and thickness supporting the same pressure difference across the wall. The cylindrical and spherical shapes represent end points in a continuum of doubly curved surfaces. In a cylinder, the radius of curvature in the longitudinal direction is infinite and only the smaller direction of curvature need be considered. If the radius of curvature around the coil greatly exceeds that around the whorl, the situation approaches the cylindrical condition and the larger stress will be borne in the direction of smaller curvature. We would therefore expect that in those ammonites where the ventral curvature around the whorl is much smaller than around the coil the interactive vault model would apply and the spacing of sutural elements would depend on the radius of curvature around the whorl.
In a transit around the whorl of an oxyconic form such as Placenticeras, the ventral region has a small radius of curvature in the direction around the whorl, whereas the radius of curvature in the direction of coiling is much larger (Fig. 5, A) . Assuming that the larger direction of curvature around the coil can be neglected, Placenticeras should be analogous to Baculites, where a venter of small radius of curvature interacts with the broadly curved flanks of the whorl. As in Baculites, vaults in the ventral region supply compressive reaction forces to the flanks of the ammonite. One can therefore predict that the sutural pattern in Placenticeras should produce small vault (Fig. 5, A) .
In an ammonite lacking variation in radius of curvature around the shell, minimal variation in sutural spacing would be predicted by the model. On globose ammonites, curvatures in the coiling direction and around the whorl are uniform and nearly equal over the exterior portion of the phragmocone (Fig.  5, B) . In globose forms such as Stephanoceras or Macrocephalites, sutural spacing varies minimally over the uniformly curved portions of the phragmocone. In scaphites there are laterally compressed forms and globose forms. Laterally compressed forms such as Hoploscaphites show close sutural spacing on the flanks whereas globose forms such as some Scaphites show even septal spacing around the phragmocone.
Buckland (1836) and Westermann (1956 Westermann ( , 1971 Westermann ( , 1975 (Fig. 5, A) . The sutures approach each other as they approach the umbilicus much as the radial spokes of a wheel approach each other adjacent to the hub. Due to the elongation toward the umbilicus and the lateral compression of the whorl, additional sutural complexity on preexisting lobes of the suture can not readily control or contribute to sutural proximity in the region of the flank approaching the umbilicus. To control sutural spacing in this region in lineages developing this compressed involute oxyconic morphology, new umbilicular lobes evolved.
Workers have tended to concentrate on the addition of sutural elements with increasing radius of shell curvature such as in the broad flanks of oxycones. A concomitant decrease in proximity of sutural elements in those regions of the shell simultaneously undergoing a reduction in radius of curvature also occurs in the scaphites and in cardioceratid and macrocephalitid lineages observed by Spath (1919) . This suggests that selection on the suture operated to create a series of vaults of comparable reactive force, rather than just adding support on the flanks as curvature changed.
Observations of the spacing of sutural elements and their relationship to shell curvature support predictions of vault spacing generated by the interactive vault hypothesis. The vault hypothesis predicts sutural spacing and constrains the evolution of greater sutural complexity to particular regions of the shell in a wide range of coiled as well as straight ammonites. Consequently, the external shape of the shell functionally and adaptively controlled the evolution of sutural pattern in ammonites.
Functional Constraint. -If the sutural pattern in ammonites is functionally constrained by the external shape of the shell, there are a number of implications for the study of ammonite evolution. This functional constraint contributes to the frequent incidence of parallel evolution involving both the suture line and the outer shape of the shell in ammonites. Consequently, the structural relationship expressed here should be important in constructing phylogenies. As previously noted (Westermann 1956 (Westermann , 1971 , heavy reliance on the sutural morphology of an ammonite may be poor taxonomic practice in light of the potential for convergent evolution.
The frequency of involute compressed oxycones with similar sutural development in the flank regions is an enlightening example. Oxyconic homeomorphs with similar external and sutural morphology occur at widely spaced intervals throughout the Mesozoic (Spath 1919) . Repeated evolution of involute compressed morphologies with similar sutural patterns also occurs within individual evolutionary lineages (Bayer and McGhee 1984). This repetition of oxyconic morphology may relate to adaptive influences on shell shape which in turn constrain sutural pattern.
Hydrodynamically Efficient Shell Shapes and Sutural Complexity. -Sutural complexity may have evolved in response to selective forces driving the ammonoid morphology away from circular whorl sections. Circular whorls are structurally advantageous; they do not require vault support to avoid bending stresses. Consequently, departure from a circular whorl section would require some alternative or competing selective influence. Selection for hydrodynamically efficient morphology may provide such a selective advantage favoring non-circular whorl sections and resulting in selection for sutural complexity to accommodate these shapes.
Oxyconic morphologies confer hydrodynamic efficiency (Chamberlain 1976 (Chamberlain , 1981 . Oxyconic shapes require the greatest variation in surface curvature, from the venter to the flank, of any planispiral ammonoid whorl shape. Without complex sutures dividing the flanks of an oxycone into a series of smaller vaults, outward thrusting of the flanks could not be balanced by the vault force produced in the ventral region. Sutural complexity allows the attainment of the large variation in shell curvature observed in oxycones.
The argument for the adaptive influence of hydrodynamics on shell shape and its rela-tionship to sutural pattern is supported by the shapes attained by ammonites and nautiloids in the Mesozoic and Cenozoic. During the Mesozoic, ammonoids occupy, and appear to competitively exclude nautilids from, the morphospace of hydrodynamically advantageous laterally compressed forms that minimize drag (Ward 1980; Chamberlain 1981 ). In the Tertiary, after the demise of the ammonites, nautilids developed a certain amount of sutural complexity in conjunction with laterally compressed morphologies (e.g., Aturia). These observations suggest that evolution of laterally compressed hydrodynamically efficient cephalopod shell morphologies is associated with the evolution of sutural complexity. The possibility that sutural complexity evolved as a consequence of selection for hydrodynamically efficient shell shapes merits further investigation.
Limitations of the Interactive Vault Model.-Not all cephalopod shells or even all portions of the ammonite phragmocone are equally constrained by the interactive vault model. Nautilids range from globose forms such as Eutrephoceras with concave septa unlikely to support the phragmocone to laterally compressed forms such as Aturia with a relatively complex suture supporting the flanks of the shell. Nautilus has a single septal strut supporting the slightly flattened flanks. Hewitt and Westermann (1987b) have observed that some bending of the shell does occur over this simple septal support. This suggests that nautilid shells do not function as a series of vaults in a manner here proposed for Baculites. The failure of nautilids, or at least of Nautilus, to employ a series of vaults to minimize tensional shell stress in bending may be related to the relative thickening of the shell wall in the flank region to accommodate bending (Westermann 1971 ). Thickening of the shell strengthens it in bending. However, stress is inversely related to the cross-sectional area acted on by a force; consequently, thickening to counteract bending will diminish the compressive stress resulting from vault thrusting. It is this compressive stress which minimizes the tensile stresses resulting from bending. Local thickening as a solution to bending in the shell will tend to counteract the advantageous use of the greater compressive strength of nacre allowed by vault action. Use of a series of vaults to avoid tensional bending stresses permits the construction of a greater variety of shell shapes with less material. Nautiloid shells that counteract bending by local thickening will be more severely limited in the shapes they can attain than ammonites employing interactive vaults.
The relationship between the shell thickening on the flanks of nautilids and their limited suite of shell morphologies relative to ammonites was pointed out by Westermann (1971) and shown empirically by Ward (1980) . In the work presented in this paper, an interactive vault model provides a direct relationship between external shell shape and optimal sutural pattern in ammonites. This model does not appear to describe the structural interactions in nautiloid shells.
The Role of Ornament. -As observed by Buckland (1836), ornament can also have an important structural role in support of the shell. Ribbing reduces bending stress by placing material farther away from the neutral axis, thereby increasing what is termed the "moment of inertia." The material displaced away from the neutral axis resists bending in a manner similar to the corrugations on a tin roof. Folding or "corrugation" of the shell wall produces the ribbing observed on the flanks of most ammonites. In contrast to ribs produced by thickening and thinning of the shell, folding of the shell wall does not greatly increase the cross-sectional area of the shell. By minimizing the increase in cross-sectional area the axial compressive stress produced by vault action can be maintained to limit tension due to bending. In addition, the ribs on the flanks of compressed ammonites are oriented in a nearly radial direction: ribs on the broad ventral region of depressed ammonites such as Cadoceras, Stephanoceras or Macrocephalites are oriented transversely across the whorl. Ribs in these orientations will resist bending in the circumferential directions in regions of the shell where the greatest bending stresses occur. Due to their orientation and the fact that they do not greatly increase cross-sectional area, most ribs facilitate structural support in a manner consistent with the Features of the Shell Not Subject to the Interactive Vault Mechanism. -The umbilical region of coiled cephalopods presents the problem of pressure inside rather than outside a cylindrical structure; therefore deep tubular umbilici will generate tensional rather than compressive stress. Avoiding a well defined umbilicus may be one mechanism of dealing with this potential problem. Shell thickening, plugs and wrinkle layers in the umbilicus may function to limit tensional stress in the umbilical wall. These features of the umbilicus and possibly other structures such as keels represent structural solutions beyond the scope of the simple vault model.
Conclusions
In Baculites there is a statistically significant inverse relationship between the size of vault spans defined by the sutural pattern and the radius of curvature of these vaults which comprise the phragmocone. This relationship confirms predictions based on an interactive vault model of the phragmocone. In this model, the inverse relationship between the span size and radius of curvature results in equivalent reaction forces at the vault ends in the series of vaults comprising the phragmocone. The equivalence of the reaction forces at the vault ends provides a compressive stress that is superimposed on and limits tensional stress due to bending. Limitation of tensional stresses is necessary if the ammonite shell is to support hydrostatic load optimally with minimal nacreous shell material. This is a consequence of the greater strength of nacre in compression than in tension.
The interactive vault model is applicable to coiled as well as straight ammonite shells. It provides a major constraint on sutural spacing and therefore on sutural pattern and complexity. The vault model indicates a direct relationship between external shell morphology and sutural pattern. If sutural pattern and shell shape are linked in a functional sense, parallel evolution would be expected. 
